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Due to strong spin-orbit coupling, charge carriers in three-dimensional quadratic band touching
Luttinger semimetals have non-trivial wavefunctions characterized by a pseudospin of 3/2. We
compute the dielectric permittivity of such semimetals at finite doping, within the random phase
approximation. Because of interband coupling, the dielectric screening shows a reduced plasma
frequency and an increased spectral weight at small wavevectors, compared to a regular quadratic
band. This weakens the effective Coulomb potential, modifying the single-particle self-energy for
which we present both analytical and numerical results. At a low carrier density, the quasiparticle
properties of this model strongly deviate from that of a single quadratic band. We compare our
findings with experimental results for α−Sn, HgSe, HgTe, YPtBi and Pr2Ir2O7.
I. INTRODUCTION
The interacting electron gas plays a fundamental role
in our understanding of metals and semiconductors [1–
5]. It has been studied mostly in the case of a simple
spin-degenerate quadratic band, where one can safely ig-
nore the effects of the adjacents bands. However, this de-
scription is not sufficient to characterize Dirac and Weyl
semimetals [6–8], where linearly dispersing conduction
and valence bands meet at a point. The correspond-
ing charge carriers have a non-trivial Berry phase that
leads to many novel phenomena. Such physics is not re-
stricted to linearly dispersing fermions and can also occur
at quadratic band touching points [8–13]. In three dimen-
sions, the latter can in fact be seen as a parent phase of
a Weyl semimetal [14–18]. Materials with strong spin or-
bit coupling constitute a fruitful platform for the realiza-
tion of such non-trivial semimetals or metals due to their
tendency for band inversion [11]. When combined with
strong electron correlations, found in materials with 4d
or 5d active orbitals such as the iridium oxides, one is left
with a rich playground for new physics that encompasses
unconventional magnetism, superconductivity, quantum
criticality, and even fractionalization [6, 7, 19].
In this work, we study the dielectric and electronic
properties of three-dimensional (3D) quadratic band
touching Luttinger semimetals at finite doping [20]. This
is motivated by experimental results for α−Sn [21, 22],
HgSe [23, 24], HgTe [25, 26], YPtBi [27, 28] and Pr2Ir2O7
[29–32]. Some optical [33–38] and screening [38, 39] prop-
erties of Luttinger semimetals have been studied, i.e. in-
volving the dielectric permittivity (ω, q) at either q = 0
or ω = 0. Also, a screened Coulomb interaction in
the absence of doping was shown to lead to non-Fermi
liquid behavior [16, 40, 41] which can transition to an
interaction-driven topological insulator [42, 43]. How-
ever, this non-Fermi liquid regime has proven difficult
to observe experimentally, even in Luttinger semimetals
with a low carrier density such as the pyrochlore iridate
Pr2Ir2O7 [30]. We work in the complementary regime of
small temperature at finite doping, where Fermi liquid
behavior prevails, albeit with modifications coming from
the non-trivial nature of the quadratic band touching.
In Sec. III, we obtain the dielectric permittivity in the
random phase approximation (RPA), and in Sec. IV we
compute the consequences on the electronic self-energy.
The interband transitions increase the screening of the
long-range Coulomb potential and thus lead to a smaller
renormalization of quasiparticle properties compared to
a single quadratic band. We illustrate this with a nu-
merical calculation of the quasiparticle residue, the ef-
fective mass and the compressibility of the electron gas.
Finally, we compute the single-particle spectral function
which shows plasmaron branches [5, 44] due to electron-
plasmon coupling, and which are similar to replica bands
due to electron-phonon coupling. In Sec. V, we end with
a comparison of our findings with experimental results on
candidate materials for Luttinger semimetals. We con-
clude in Sec. VI by summarizing our main findings, and
outlining some avenues for future research.
II. MODEL
In Luttinger’s model [20], the effective non-interacting
Hamiltonian for the four bands is
Hˆ0 =
~2
2m
[
(α1 − 5α2/4)k2 + α2
(
k · Jˆ
)2]
− µ. (1)
Here, we denote the band mass m and the j = 3/2 to-
tal angular momentum operators Jˆ = (Jˆx, Jˆy, Jˆz). This
model has full rotational symmetry and helical symme-
try, defined by the helicity operator λˆ = k · Jˆ/k [10, 45].
The eigenstates of Eq. (1) can be labeled by the eigen-
values λ = ±1/2,±3/2 of the helicity operator and the
corresponding spectrum is ε±(k) = ±~2k2/2m± with
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FIG. 1. (a) Band-structure for Luttinger’s model, the red plane is at the chemical potential. The upper and lower bands can be
labelled by the helicity eigenvalues λ = ±3/2 and ±1/2, respectively. (b-c) The (b) real and (c) imaginary parts of the inverse
dielectric permittivity, 1/(ω, q), for rs = 2 as a function of wavevectors, q, and (real) frequencies, ω. The white dashed lines
indicate the branches of the particle-hole excitation diagram.
m± = m/(α2 ± α1). In the following we assume that
the bands are particle-hole symmetric, i.e. α1 = 0 and
α2 = 1, and take µ < 0 for a hole Fermi surface (see Fig. 1
(a)). We analyze the effect of particle-hole asymetry in
Sec. V and in Appendix B.
III. SCREENING PROPERTIES
The dielectric permittivity of Luttinger’s model with
Coulomb repulsion between electrons in a neutralizing
background is, within the RPA,
RPA(iΩ,q) = 1− V (q)Π(iΩ,q), (2)
where the bare electric potential is, in CGS units,
V (q) = 4pie2/(∗q2) (3)
with ∗ the background dielectric permittivity. Also, the
charge polarizability is
Π(iΩ,q) = (4)∑
σσ′p
fD(εσ(p))− fD(εσ′(p+ q))
iΩ + εσ(p)− εσ′(p+ q) Tr
[
Pˆσ(p)Pˆσ′(p+ q)
]
.
These expressions are written in terms of the imagi-
nary frequency iΩ and one obtains the analytic con-
tinuation to the real-frequency axis for iΩ → ω + i0+
[46]. The indices σ = ± refer to upper and lower
bands with energy εσ(k) = σ~2k2/2m and projector
Pˆσ(k) =
1
2
[
1ˆ + Hˆ0(k)/εσ(k)
]
. Since we perform calcula-
tions at zero temperature, the Fermi distribution reduces
to fD(ε) = Θ(EF − ε), with EF the Fermi energy. In all
what follows we set ~ = 1, such that time and energy
scales are in units of the Fermi energy, EF , and length
and wavevectors are in units of the Fermi wavevector, kF .
This choice of units allows us to write all expressions as
a function of the Wigner-Seitz radius, rs = me
2/α∗kF
with the constant α = (4/9pi)1/3 ≈ 0.52, kF = (3pi2n)1/3
and where EF = −k2F /2m < 0 is in the bottom band.
The band structure is particle-hole symmetric and our
observations are thus independent on the sign of the
Fermi energy.
The charge polarizability (4) explicitly depends on the
eigenspinor overlaps through
Tr
[
Pˆσ1(k+ q)Pˆσ2(k)
]
=
1
2
{
2 + σ1σ2
[
3 cos2(θk+q,k)− 1
]}
,
with θk+q,k the angle between k+q and k. This overlap
function is a key ingredient in the description of narrow
bandgap semiconductors [47]. It does not only allow for
interband transitions but also affects scattering within
the same band, as discussed in the context of supercon-
ductivity with spin-orbit interaction [10, 11, 48–50].
The analytic expression of polarizability is established
for a single quadratic band [51], for Dirac bands [52, 53]
and for hole bands in zinc-blende semiconductors [54].
Its expression for a quadratic band touching described
by Luttinger model in Eq. (1) was considered either
in the static or long-range limits [33–39], and we de-
rive its expression for all wavevectors and frequencies
in Appendix A. There we decompose polarizability in
Eq. (4) into intraband and interband contributions, Π =
Πintra + Πinter. These two expressions depend on the fol-
lowing integrals
I+(a, b;α, β) =
∫ b
a
dx
log(x+ α)
x+ β
(5)
I−(a, b;α, β) =
∫ b
a
dx
log(|x− α|)
x+ β
, (6)
which also appear in the context of hole screening in zinc-
blende semiconductors [54] and in quark physics [55].
The expressions of I± are given in Eq. (A19) of Ap-
pendix A and the resulting components of polarizability
3are
Πintra(iΩ, q) =
2
q
ΨLindhard(iΩ, q) + Ψ2(iΩ, q)
+ (iΩ→ −iΩ),
(7)
Πinter(iΩ, q) =Ψ3(iΩ, q) + (iΩ→ −iΩ), (8)
which we write in terms of the Lindhard function
ΨLindhard(z =
iΩ
2q − q/2) = N0
(
z
2 +
1−z2
4 ln
(
z+1
z−1
))
[51],
with N0 = 1/(4pi
2) the density of states per band at the
Fermi surface, and the following two functions Ψ2(q, iΩ)
and Ψ3(q, iΩ) (see Appendix A)
Ψ2(iΩ, q) = −3qN0
8
{(
1 +
z2
iΩ
) ∑
σ,τ=±
σI+(0, σ; z, τ i
√
iΩ) +
1
2
(
2 +
1
u
+ u
) ∑
σ,τ=±
σIσ(0, 1/q; 1, τ i
√
u)
− 1
u
∑
σ=±
σIσ(0, 1/q; 1, 0
+) +
1
2
(
1− 1
q2
)
log
(
1 + q
|1− q|
)
− 2 z
2
iΩ
(Li2(1/z)− Li2(−1/z)) + 1
q
}
, (9)
Ψ3(iΩ, q) =
3N0
16q
2 ∑
β=±
(z2β − 1) log
(
1− zβ
1 + zβ
)
− 2q − (1− q2) log
(
1 + q
|1− q|
)
+
2q4
iΩ
(∑
σ=±
σIσ(0, 1/q; 1, 0
+)− pi2/2
)
+
(q2 − iΩ)2
iΩ
∑
σ=±
σ
2Iσ(0, q; 1, 0+)−∑
τ=±
Iσ(0, q; 1, τ/√u)− 1
2
∑
β=±
I+(0,−σ;−1/zβ , τ/
√
iΩ)
 , (10)
with z = iΩ/(2q) − q/2, u = iΩ/q2 and z± = q/2 ±√
iΩ/2− q2/4.
The contribution Ψ2 describes the influence of the
eigenspinor overlap on intraband polarizability while Ψ3
describes interband transitions. The behaviour of the
corresponding dielectric function is computed on the real
axis with the analytic continuation iΩ→ ω+ i0+ and we
show the behaviour of 1/(ω, q) over real frequencies in
Figs. 1(b,c).
The real part of the dielectric permittivity (see
Fig. 1(b)) is close to that for a single quadratic band and
changes sign at the plasma frequency (see below). At
large wavevector, the screened Coulomb potential con-
tains a term linear in wavevector q. For comparison with
the literature [40], we write its expression in dimensioned
units and for q2/2m ω,EF
V (q)
(ω, q)
≈ 4pie
2
∗q2 +me2qa
, (11)
with a ≈ 1.712. This linear increase of the polarizabil-
ity would dominate for a large Wigner-Seitz radius, for
kF  q  me2/∗, and was first discussed by Abrikosov
and Beneslavski [40] in the context of quadratic band
touching without doping. There, the Fermi surface is re-
duced to a point with a non-Fermi liquid behaviour in
presence of the Coulomb potential [16, 40, 41].
The imaginary part of the dielectric permittivity
Fig. 1(c) shows the expected particle-hole excitation dia-
gram, denoted by white dashed lines, with (1) intraband
excitations for ω+(q) = q
2 + 2q ≥ ω ≥ ω−(q) = q2 − 2q
and (2) interband excitations for ω > ω12(q) = 1 + (1 −
q)2. The plasmon branch is gapped and unlike Weyl
semimetals [56], it does not carry spin because of the
compensating helicity on each band (see Appendix C).
Also, the plasma frequency vanishes in absence of doping
but may reappear due to thermal fluctuations at non-zero
temperature [58]. The approximate plasma frequency is
(see Appendix B)
ωp ≈
√
16αrs
3pi(1 + 4αrs/pi)
. (12)
In the limit of a small Wigner-Seitz radius the plasma
frequency is that of a single quadratic band [51] while at
large rs it saturates to the frequency ωT ≈ 1.113EF , as
illustrated in Fig. 2(a). A similar decrease in the plasma
frequency was discussed in the context of Dirac semimet-
als [57]. This is a consquence of the increase in the di-
electric function by interband excitations, such that the
reflectivity of the electron gas (see Fig. 2(b))
R(ω) =
∣∣∣∣∣
√
(ω, q = 0)− 1√
(ω, q = 0) + 1
∣∣∣∣∣
2
(13)
vanishes at ω = ωT with limq→0 Π(ωT , q)/q2 = 0. The
transparency frequency ωT is independent of the Wigner-
Seitz radius because it only depends on the charge polar-
izability and not on the Coulomb potential. This trans-
parency window lies between the plasma frequency and
the onset of interband transitions at 2EF and its experi-
mental observation depends on the background dielectric
permittivity, ∗.
4FIG. 2. (a) Plasma frequency for the single quadratic band
(dashed line) and for Luttinger’s model (plain line) as a func-
tion of the Wigner-Seitz radius. The dotted line is the approx-
imate expression of the plasma frequency Eq. (12) and the
dot-dashed is the transparency frequency, ωT = 1.113µ. (b)
Normal incidence reflectivity as a function of frequency for the
single quadratic band (dashed line) and for Luttinger’s model
(plain line) for rs = 2. The electron gas does not transmit
light below the plasma frequency (R = 1) and is transparent
for ω = ωT . The reflectivity peaks at the onset of interband
transition, for ω = 2EF .
Finally, in the dynamic regime, ω  q2, we retrieve
the optical dielectric function discussed in Refs. [30, 37,
39] as explained in Appendix B. Its behaviour for large
frequencies, ω  2EF , is (ω) ∼ ∗+2eipi/4
√
E0/ω where
the characteristic energy E0/EF = α
2r2s is the excitonic
energy. We thus have an increased screening of the long-
range Coulomb potential for larger frequencies, and in
Sec. IV B we show how it affects the self-energy as well
as quasiparticles properties of the Luttinger semimetal.
IV. SELF-ENERGY
The one-particle self-energy is diagonal in the eigenvec-
tor basis, Σˆ(iΩ,q) =
∑
σ Σσ(iΩ,q)Pˆσ(q). We decompose
it into an exchange and a correlation part Σσ(iΩ,q) =
Σ
(ex)
σ (q) + Σ
(c)
σ (iΩ,q) such that the exchange self-energy
corresponds to the Hartree-Fock self-energy, which is in-
dependent of frequency,
Σ(ex)σ (q) =
−1
2V
∑
σ′k
fD(εσ′(q− k))V (k)
× Tr
[
Pˆσ(q)Pˆσ′(q− k)
]
,
with V the volume of the electron gas. We further de-
compose this contribution into an intrinsic and an ex-
trinsic part. They respectively describe the situation of
a vanishing chemical potential and the corrections due
to a non-zero Fermi energy, Σ
(ex)
σ = Σintσ + Σ
ext
σ , which
we compute by introducing a cutoff Λ  kF (see Ap-
pendix D 1)
Σintσ =
αrs
pi
(
−2Λ/kF + 3σpi
2q
16
)
, (14)
Σextσ =
αrs
32pi
[
16(2 + σ) + 6σ
(
1/q2 − 1)
+
(q2 − 1)(3σ + q2(7σ − 16))
q3
log
(
1 + q
|1− q|
)
− 2σq (pi2 + 6{log (|1− q|) log(q)− log2(q)
−Li2(−1/q)− Li2(1− 1/q)})] .
(15)
The only dependence on the cutoff, Λ, is as a constant
shift in the intrinsic part Σintσ and can be absorbed in the
chemical potential. This expression of the exchange self-
energy would lead to a singular effective mass at k = kF
for the filled band (here, σ = −). This singularity is due
to the long-range nature of the bare Coulomb potential
and also happens for a single quadratic band. It vanishes
if one introduces the effect of screening in the self-energy,
as described by the correlation self-energy
Σ(c)σ (iν,q) = −
1
2V
∫
dΩ
2pi
∑
σ′k
Gσ′(i(ν − Ω),q− k)
× V (k)
(
1
(iΩ,k)
− 1
)
Tr
[
Pˆσ(q)Pˆσ′(q− k)
]
,
(16)
where the Green’s functions of Luttinger’s model are
Gσ(iΩ,k) =
1
−iΩ + ξσ(k) , (17)
with ξσ(k) = 1 + σk
2. The expression of the correlation
self-energy on the real-frequency axis, using Feynman’s
prescription, can be decomposed as a sum of a line inte-
5gral and a residue [3–5, 44, 46]
Σ(c)σ (ω,q) = Σline,σ(ω, q) + Σres,σ(ω, q), (18)
Σline,σ(ω,q) = − 1
2V
∑
σ′k
∫
dΩ
2pi
Gσ′(ω − iΩ,q− k)V (k)
×
[
1
(iΩ, k)
− 1
]
Tr
[
Pˆσ(q)Pˆσ′(q− k)
]
, (19)
Σres,σ(ω,q) =
1
2V
∑
σ′k
[Θ(ω − ξσ′(q− k))−Θ(−ξσ′(q− k))]V (k)
×
[
1
 [(ω − ξσ′(q− k)) (1− i0+) ,k] − 1
]
Tr
[
Pˆσ(q)Pˆσ′(q− k)
]
.
(20)
It should be noted that the dielectric permittivity ap-
pears with (ω,q) = (−ω,q) since with our convention
the two frequencies are on opposite sides of the branch
cut [46].
In the following we present numerical results for the
resulting self-energy. We first confirm that the the in-
teracting Luttinger semimetal is a Fermi liquid and then
investigate some of its quasiparticle properties, namely
the quasiparticle weight, the renormalized mass and the
compressibility. We finish with a discussion of the spec-
tral function which, besides the renormalized electron
branch, contains a plasmaron branch due to electron-
plasmon coupling.
A. Quasiparticle lifetime
The only contribution to the imaginary part of the self-
energy comes from the residue part. The inverse quasi-
particle lifetime is
1
τ(k)
= −2sign[ξ−(k)]Im [Σ−(ξ−(k),k)] (21)
= −αrs
pi2
∫ k
1
dqq2
∫ 1
−1
du
1 + 3u2
2
Im
[
1
q2(2(k − q),k− q)
]
.
In the last expression we used the variable u = cos θ and
expanded ξ−(k)−ξ−(q) ≈ 2(q−k) for k, q near the Fermi
surface. In this limit we find the same expression as for
a single quadratic band
lim
q→0
lim
ω→0
Im
[
V (q)
(ω, q)
]
=
pi2ω
16αrsq
, (22)
from which we deduce the quasiparticle lifetime of Lut-
tinger’s model near the Fermi surface
1/τ(k) ≈ 3(k − 1)2/20 ∼ ξ2k. (23)
The quasiparticle properties, such as the quasiparticle
residue, the effective mass and compressibility, are thus
well defined. We now compare these quantities to what
is obtained for a single quadratic band [1, 2].
FIG. 3. Quasiparticle properties for the single quadratic
band (dashed line) and for Luttinger’s model (plain line) as
a function of the Wigner-Seitz radius. In (a) the quasiparti-
cle weight Z(ω = 0, k = kF ), in (b) the renormalized mass
m∗ and in (c) the inverse compressibility 1/κ. The difference
between the two models is due to the absence or presence of
interband coupling which stabilizes the electron gas for small
carriers densities (large rs).
B. Quasiparticle properties
The residue ZF quantifies the spectral weight of quasi-
particles :
ZF =
1
1− lim(ω,q)→(0,1) ∂∂ωΣ−(ω, q)
. (24)
This quantity does not decrease as much as for a single
quadratic band, as illustrated in Fig. 3(a), as a conse-
quence of the increased screening of the long-range part
of the bare Coulomb potential by interband transitions.
6This larger quasiparticle residue alters other renormal-
ized quantities, such as the effective mass, m∗
m
m∗
= ZF
[
1− lim
(ω,q)→(0,1)
∂Σ−
∂q
(ω, q)
]
, (25)
which decreases for all values of rs, while it is non-
monotonous for the single quadratic band (see Fig. 3(b)).
We find that the effective mass decreases down to
m∗/m ≈ 0.86, that we have checked for rs up to 200.
The electron-electron repulsion thus decreases the quasi-
particles density of states at large rs which in turn af-
fects the electron gas screening properties, described by
the compressibility κ.
The thermodynamic expression of compressibility
is 1/κ = −V(∂P/∂V)|N where the pressure P =
−(∂E/∂V)|N relates changes of the total energy E with
the volume V. The total energy for a given carrier den-
sity, n = k3F /(3pi
2), is related to the chemical potential
µ = EF + Re [Σ−(ω = 0, k = kF )] through the theorem
of Seitz [59] and allows us to use to following expression
for compressibility 1/κ = n2dµ/dn.
We find that the compressibility of Luttinger semimet-
als is smaller than for a single quadratic band and we
draw it in Fig. 3(c) in units of the free electron-gas com-
pressibility κF = 3/(2EFn). The inverse compressibility
vanishes for rs ≈ 34, a value much larger than that for
a single quadratic band where this critical Wigner-Seitz
radius is of 5.1. Beyond this value the electron gas is
unstable and this indicates that, because of interband
coupling, zero gap semiconductors are more stable than
metals for small carrier densities.
We note that the compressibility is independent on the
cutoff wavevector, Λ, introduced in Eq. (14). Indeed,
this term leads to a correction to the self-energy which is
independent on the carrier density.
C. Spectral function
In the Feynman prescription, the single-particle spec-
tral function A(ω, q) is
A(ω, q) = (26)
− 1
pi
∑
σ
sign(ω)ImΣσ(ω, q)
(ω − ξσ(q)− ReΣσ(ω, q))2 + ImΣσ(ω, q)2 .
We illustrate its behaviour in Fig. 4 for rs = 1. The hole
band acquires a finite width away from the Fermi surface
due to electron-hole and plasmon excitations, in agree-
ment with our expansion in Sec. IV A. The satellite peaks
correspond to plasmaron branches [5, 44] which result
from the coherent electron-plasmon and hole-plasmon
coupling. The bare dispersion is shown with dashed lines
and we observe that the quasiparticle and plasmaron
branches follow it closely, the shift of the plasmaron spec-
trum is essentially the plasma frequency in Fig. 2(a).
One can extract the density of states g(ω) =
2
∫
d3k/(2pi)3A(ω,k) and the filling function
FIG. 4. Spectral function of the interacting Luttinger’s model
for rs = 1. The dashed line represents the non-interacting
spectrum and it does not deviate much from the spectral
function of the interacting Luttinger semimetal. We also ob-
serve plasmaron peaks due to the hybridization of electrons
and plasmons. The dotted line locates the Fermi surface, at
ω = 0.
n(k) =
∫ 0
−∞ dω A(ω,k) from the spectral function
[5]. We illustrate these functions in Fig. 5 for rs = 1. We
observe that the plasmaron contribution to the density
of states is vanishingly small. Also, the density of states
at the Fermi surface decreases in agreement with the
decrease in the effective mass shown in Fig. 3(b). The
filling function n(k) has a discontinuity equal to ZF at
the Fermi surface.
V. DISCUSSION
Our findings may apply to the description of multiple
semiconductors such as α−Sn [21, 22], some zinc-blende
semiconductors like HgSe and HgTe [25], half-Heuslers
like YPtBi and LuPtBi [27, 28] and pyrochlores like
Pr2Ir2O7 [29, 31, 32]. In these materials the average di-
electric permittivity is around ∗ ≈ 15−20 [26, 30, 60–63]
with an effective mass of m∗/me = 0.2 for α−Sn [64, 65],
0.03−0.07 for HgSe [23, 24], 0.04 for HgTe [26], 0.11−0.23
for YPtBi and LuPtBi [66–68], and 6.3 for Pr2Ir2O7
[30–32]. These materials also have similar carrier den-
sities with n ≈ 1018 cm−3 on average [23, 24, 26, 65–68]
and thus rather similar Wigner-Seitz radii rs ≈ 0.5 − 1.
A value as large as rs = 10 − 15 occurs in the py-
rochlore Pr2Ir2O7 due to the large effective mass [30].
This value for Pr2Ir2O7 also corroborates with the zero-
7FIG. 5. (a) Density of states and (b) filling of the non-
interacting (dashed line) and interacting (plain line) Luttinger
model for rs = 1. The main contribution to the density of
states comes from quasiparticles and is smaller at the Fermi
surface because of the reduced effective mass. The filling func-
tion shows occupied states above the Fermi sea and some
unoccupied states below it, the jump at k = kF equals the
quasiparticle residue ZF .
temperature residual dielectric permittivity in Ref. [30]
that the authors associate with interband coupling and
that we evaluate to inter(ω = 0, q = 0)/
∗ = 4αrs/pi (see
Appendix B). This very large value of rs is not expected
for metals where the compressibility is negative beyond
rs ∼ 5 while it is still positive for Luttinger semimetals
(see Fig. 3(c)).
In these materials, we expect a pronounced transmis-
sion of light for a frequency ω = ωT ≈ 1.113EF , above
the plasma frequency and below the onset of interband
transitions (see Fig. 2(b)). The 1.113 multiplicative con-
stant changes in the absence of particle-hole symmetry
(i.e. for α1 6= 0 in Eq. (1)) and in Appendix B we illus-
trate its behaviour, in units of the optical gap. In the case
of YPtBi, where ab-initio calculations indicate particle-
hole symmetric bands [69] and with typically EF ≈ −100
meV [66, 67], we expect this transmission peak to hap-
pen for a light frequency of about 113 meV. Because this
transparency is due to compensating intraband and in-
terband contributions, it can also happen for other band-
structures such as Kane semimetals and may be at the
origin of the transmission peak observed in Cd3As2 [70].
Also, the decrease in the effective mass for increasing
values of rs, or decreasing carrier density, illustrated in
Fig. 3(b), can be captured through transport measure-
ments. For this purpose, one can use the following fit-
ting expression for the effective mass of the interacting
Luttinger model
m∗/m ≈ 0.861 + 0.126 exp(−rs/0.98), (27)
along with the expression n(rs) = (3/4pi)
(
me2/(α∗rs)
)3
for carrier density, where m is the bare band mass and ∗
the background dielectric permittivity. We illustrate this
in the case of HgSe where the observed carrier density
spans over four orders of magnitude, with n ∈ [1016, 1019]
cm−3 [24]. In the low carrier regime we obtain a satisfac-
tory fit to the experimental values of m∗ for a bare band
mass m/me = 0.0353 and using 
∗ = 20 [61]. However,
this behaviour does not extend up to higher carrier densi-
ties because of the presence of non-parabolic terms in the
band structure [24], whose contribution to the effective
mass is only negligible at low carrier densities.
Finally, we would like to mention that the experimen-
tal observation of the plasmaron mode was reported for
other band structure via optical and angle-resolved spec-
troscopy [71–74]. Its observation for narrow gap semi-
conductors may be rendered difficult due to the frequent
presence of surface states, like in HgTe [75] and YPtBi
[76].
VI. CONCLUSION
We have derived an analytical expression of the di-
electric permittivity of a Luttinger semimetal in the ran-
dom phase approximation. We have used this expression
to compute the single-particle properties of Luttinger’s
model. The competing intraband and interband transi-
tions are at the origin of a transparency window of the
electron gas and a reduced plasma frequency at large rs.
The single-particle properties are also affected by inter-
band coupling because of the increased long-range screen-
ing, where the bare Coulomb potential is the strongest.
The effective mass decreases for all rs and compressibil-
ity shows an instability only for very large values of the
Wigner-Seitz radius. This increased stability of the elec-
tron gas in Luttinger’s model may affect the appearance
of correlated phenomena such as Wigner crystallisation
and superconductivity [77]. We have also computed the
single-particle spectral function which shows plasmaron
branches that could be observed in optics and in angle-
resolved spectroscopy.
A potential extension of this work is in the evaluation
of spin polarizability of Luttinger’s semimetals, which
expression resembles that of charge polarizability Π in
Eq. (4) up to a form factor. The spin polarizabilities
explicitly appear in the Ruderman-Kittel-Kasuya-Yosida
(RKKY) interaction between magnetic impurities [78]
and were computed for the surface states of topologi-
8cal insulators [79], quadratic bands with Rashba spin-
orbit coupling [80], and for Weyl semimetals [81, 82].
The dependence of the RKKY interaction on the helical
structure of the eigenstates may help further characterize
Luttinger semimetals through their magnetic properties.
Moreover, in the case of Pr2Ir2O7, this interaction may
be responsible for the magnetic coupling between the Pr
local moments [18].
ACKNOWLEDGMENTS
We would like to thank E´ric Dupuis for fruitful dis-
cussions. ST and WWK were funded by a Discovery
Grant from NSERC, a Canada Research Chair, and a
“E´tablissement de nouveaux chercheurs et de nouvelles
chercheuses universitaires” grant from FRQNT. This re-
search was enabled in part by support provided by Cal-
cul Que´bec (www.calculquebec.ca) and Compute Canada
(www.computecanada.ca).
1 T. Rice, Annals of Physics 31, 100 (1965).
2 L. Hedin, Phys. Rev. 139, A796 (1965).
3 B. I. Lundqvist, Physik der kondensierten Materie 6, 193
(1967).
4 B. I. Lundqvist, Physik der kondensierten Materie 6, 206
(1967).
5 B. I. Lundqvist, Physik der kondensierten Materie 7, 117
(1968).
6 O. Vafek and A. Vishwanath, Annual Review
of Condensed Matter Physics 5, 83 (2014),
https://doi.org/10.1146/annurev-conmatphys-031113-
133841.
7 W. Witczak-Krempa, G. Chen, Y. B. Kim, and L. Ba-
lents, Annual Review of Condensed Matter Physics 5,
57 (2014), https://doi.org/10.1146/annurev-conmatphys-
020911-125138.
8 N. P. Armitage, E. J. Mele, and A. Vishwanath, Rev.
Mod. Phys. 90, 015001 (2018).
9 M. Kharitonov, J.-B. Mayer, and E. M. Hankiewicz, Phys.
Rev. Lett. 119, 266402 (2017).
10 L. Savary, J. Ruhman, J. W. F. Venderbos, L. Fu, and
P. A. Lee, Phys. Rev. B 96, 214514 (2017).
11 H. Kim, K. Wang, Y. Nakajima, R. Hu, S. Ziemak,
P. Syers, L. Wang, H. Hodovanets, J. D. Den-
linger, P. M. R. Brydon, D. F. Agterberg, M. A.
Tanatar, R. Prozorov, and J. Paglione, Sci-
ence Advances 4 (2018), 10.1126/sciadv.aao4513,
http://advances.sciencemag.org/content/4/4/eaao4513.full.pdf.
12 R. Sensarma, E. H. Hwang, and S. Das Sarma, Phys. Rev.
B 82, 195428 (2010).
13 O. V. Gamayun, Phys. Rev. B 84, 085112 (2011).
14 W. Witczak-Krempa and Y. B. Kim, Physical Review B
85, 045124 (2012), arXiv:1105.6108 [cond-mat.str-el].
15 W. Witczak-Krempa, A. Go, and Y. B. Kim, Phys. Rev.
B 87, 155101 (2013).
16 E.-G. Moon, C. Xu, Y. B. Kim, and L. Balents, Phys.
Rev. Lett. 111, 206401 (2013).
17 L. Savary, E.-G. Moon, and L. Balents, Phys. Rev. X 4,
041027 (2014).
18 X.-P. Yao and G. Chen, Phys. Rev. X 8, 041039 (2018).
19 J. Maciejko and G. A. Fiete, Nature Physics 11, 385
(2015), arXiv:1505.01398 [cond-mat.str-el].
20 J. M. Luttinger, Phys. Rev. 102, 1030 (1956).
21 S. Groves and W. Paul, Phys. Rev. Lett. 11, 194 (1963).
22 Q. Barbedienne, J. Varignon, N. Reyren, A. Marty,
C. Vergnaud, M. Jamet, C. Gomez-Carbonell, A. Lemaˆıtre,
P. Le Fe`vre, F. m. c. Bertran, A. Taleb-Ibrahimi,
H. Jaffre`s, J.-M. George, and A. Fert, Phys. Rev. B 98,
195445 (2018).
23 A. T. Lonchakov, S. B. Bobin, V. V. Deryushkin,
V. I. Okulov, T. E. Govorkova, and V. N.
Neverov, Applied Physics Letters 112, 082101 (2018),
https://doi.org/10.1063/1.5018357.
24 S. B. Bobin, A. T. Lonchakov, V. V. Deryushkin, and
V. N. Neverov, Journal of Physics: Condensed Matter 31,
115701 (2019).
25 J. Tsidilkovski, Electron Spectrum of Gapless Semicon-
ductors, Springer Series in Solid-State Sciences (Springer
Berlin Heidelberg, 2012).
26 L. niadower, V. I. Ivanov-Omsky, and Z. Dz-
iuba, physica status solidi (b) 8, K43 (1965),
https://onlinelibrary.wiley.com/doi/pdf/10.1002/pssb.19650080148.
27 W. Feng, D. Xiao, Y. Zhang, and Y. Yao, Phys. Rev. B
82, 235121 (2010).
28 W. Al-Sawai, H. Lin, R. S. Markiewicz, L. A. Wray, Y. Xia,
S.-Y. Xu, M. Z. Hasan, and A. Bansil, Phys. Rev. B 82,
125208 (2010).
29 T. Kondo, M. Nakayama, R. Chen, J. Ishikawa, E.-G.
Moon, T. Yamamoto, Y. Ota, W. Malaeb, H. Kanai,
Y. Nakashima, Y. Ishida, R. Yoshida, H. Yamamoto,
M. Matsunami, S. Kimura, N. Inami, K. Ono, H. Kumi-
gashira, S. Nakatsuji, L. Balents, and S. Shin, Nature
communications 6, 10042 (2015).
30 B. Cheng, T. Ohtsuki, D. Chaudhuri, S. Nakatsuji,
M. Lippmaa, and N. Armitage, Nature communications
8, 2097 (2017).
31 Y. Machida, S. Nakatsuji, S. Onoda, T. Tayama, and
T. Sakakibara, Nature 463, 210 (2010).
32 L. Balicas, S. Nakatsuji, Y. Machida, and S. Onoda, Phys.
Rev. Lett. 106, 217204 (2011).
33 L. Liu and D. Brust, Phys. Rev. 173, 777 (1968).
34 J. G. Broerman, Phys. Rev. Lett. 25, 1658 (1970).
35 D. Brust, Phys. Rev. B 5, 435 (1972).
36 L. Liu and M. Tan, Phys. Rev. B 9, 632 (1974).
37 I. Boettcher, arXiv e-prints , arXiv:1812.07555 (2018),
arXiv:1812.07555 [cond-mat.str-el].
38 M. Bailyn and L. Liu, Phys. Rev. B 10, 759 (1974).
39 J. G. Broerman, Phys. Rev. B 5, 397 (1972).
40 A. Abrikosov and Beneslavski˘ı, JETP 39, 709 (1974).
41 A. Abrikosov, JETP 32, 699 (1971).
42 I. F. Herbut and L. Janssen, Phys. Rev. Lett. 113, 106401
(2014).
43 L. Janssen and I. F. Herbut, Phys. Rev. B 95, 075101
(2017).
44 J. Hofmann, E. Barnes, and S. Das Sarma, Phys. Rev. B
92, 045104 (2015).
945 J. Schliemann, EPL (Europhysics Letters) 91, 67004
(2010).
46 J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958).
47 M. Bailyn and L. Liu, Phys. Rev. B 10, 759 (1974).
48 J. Hutchinson, J. E. Hirsch, and F. Marsiglio, Phys. Rev.
B 97, 184513 (2018).
49 J. W. F. Venderbos, L. Savary, J. Ruhman, P. A. Lee, and
L. Fu, Phys. Rev. X 8, 011029 (2018).
50 B. Roy, S. A. A. Ghorashi, M. S. Foster, and A. H. Nev-
idomskyy, Phys. Rev. B 99, 054505 (2019).
51 G. Giuliani, G. Vignale, and C. U. Press, Quantum The-
ory of the Electron Liquid , Masters Series in Physics and
Astronomy (Cambridge University Press, 2005).
52 E. H. Hwang and S. Das Sarma, Phys. Rev. B 75, 205418
(2007).
53 A. Thakur, R. Sachdeva, and A. Agarwal, Journal of
Physics: Condensed Matter 29, 105701 (2017).
54 W. Bardyszewski, Solid State Communications 57, 873
(1986).
55 G. ’t Hooft and M. Veltman, Nuclear Physics B 153, 365
(1979).
56 S. Ghosh and C. Timm, Phys. Rev. B 99, 075104 (2019).
57 S. Ahn, E. Hwang, and H. Min, Scientific reports 6, 34023
(2016).
58 I. Mandal, arXiv e-prints , arXiv:1810.06574 (2018),
arXiv:1810.06574 [cond-mat.str-el].
59 G. Mahan, Many-Particle Physics, Physics of Solids and
Liquids (Springer US, 2012).
60 L. Berger, Semiconductor Materials (Taylor & Francis,
1996).
61 O. Madelung, U. Ro¨ssler, and M. Schulz, eds., “Mercury
selenide (hgse) optical properties, dielectric constants,” in
II-VI and I-VII Compounds; Semimagnetic Compounds
(Springer Berlin Heidelberg, Berlin, Heidelberg, 1999) pp.
1–5.
62 M. Grynberg, R. Le Toullec, and M. Balkanski, Phys. Rev.
B 9, 517 (1974).
63 A. Roy, J. W. Bennett, K. M. Rabe, and D. Vanderbilt,
Phys. Rev. Lett. 109, 037602 (2012).
64 W. E. Blumberg and J. Eisinger, Phys. Rev. 120, 1965
(1960).
65 O. Madelung, U. Ro¨ssler, and M. Schulz, eds., Group
IV Elements, IV-IV and III-V Compounds. Part b - Elec-
tronic, Transport, Optical and Other Properties (Springer
Berlin Heidelberg, Berlin, Heidelberg, 2002).
66 N. P. Butch, P. Syers, K. Kirshenbaum, A. P. Hope, and
J. Paglione, Phys. Rev. B 84, 220504 (2011).
67 O. Pavlosiuk, D. Kaczorowski, and P. Wi´sniewski, Phys.
Rev. B 94, 035130 (2016).
68 Z. Hou, W. Wang, G. Xu, X. Zhang, Z. Wei, S. Shen,
E. Liu, Y. Yao, Y. Chai, Y. Sun, X. Xi, W. Wang, Z. Liu,
G. Wu, and X.-x. Zhang, Phys. Rev. B 92, 235134 (2015).
69 P. M. R. Brydon, L. Wang, M. Weinert, and D. F. Agter-
berg, Phys. Rev. Lett. 116, 177001 (2016).
70 M. Hakl, S. Tchoumakov, I. Crassee, A. Akrap, B. A. Piot,
C. Faugeras, G. Martinez, A. Nateprov, E. Arushanov,
F. Teppe, R. Sankar, W.-l. Lee, J. Debray, O. Caha,
J. Nova´k, M. O. Goerbig, M. Potemski, and M. Orlita,
Phys. Rev. B 97, 115206 (2018).
71 R. Tediosi, N. P. Armitage, E. Giannini, and D. van der
Marel, Phys. Rev. Lett. 99, 016406 (2007).
72 J. L. Shay, W. D. Johnston, E. Buehler, and J. H. Wernick,
Phys. Rev. Lett. 27, 711 (1971).
73 A. Bostwick, F. Speck, T. Seyller, K. Horn,
M. Polini, R. Asgari, A. H. MacDonald,
and E. Rotenberg, Science 328, 999 (2010),
http://science.sciencemag.org/content/328/5981/999.full.pdf.
74 A. L. Walter, A. Bostwick, K.-J. Jeon, F. Speck, M. Ostler,
T. Seyller, L. Moreschini, Y. J. Chang, M. Polini, R. As-
gari, A. H. MacDonald, K. Horn, and E. Rotenberg, Phys.
Rev. B 84, 085410 (2011).
75 C. Liu, G. Bian, T.-R. Chang, K. Wang, S.-Y. Xu, I. Be-
lopolski, I. Miotkowski, H. Cao, K. Miyamoto, C. Xu, C. E.
Matt, T. Schmitt, N. Alidoust, M. Neupane, H.-T. Jeng,
H. Lin, A. Bansil, V. N. Strocov, M. Bissen, A. V. Fedorov,
X. Xiao, T. Okuda, Y. P. Chen, and M. Z. Hasan, Phys.
Rev. B 92, 115436 (2015).
76 M. M. Hosen, G. Dhakal, K. Dimitri, H. Choi, F. Kabir,
C. Sims, O. Pavlosiuk, P. Wisniewski, T. Durakiewicz, J.-
X. Zhu, et al., arXiv preprint arXiv:1803.00589 (2018).
77 Y. Takada, Journal of the Physical Society of Japan 49,
1267 (1980).
78 P. Bruno and C. Chappert, Phys. Rev. B 46, 261 (1992).
79 J. Wang, B. Lian, and S.-C. Zhang, Phys. Rev. Lett. 115,
036805 (2015).
80 H. Imamura, P. Bruno, and Y. Utsumi, Phys. Rev. B 69,
121303 (2004).
81 H.-R. Chang, J. Zhou, S.-X. Wang, W.-Y. Shan, and
D. Xiao, Phys. Rev. B 92, 241103 (2015).
82 S.-X. Wang, H.-R. Chang, and J. Zhou, Phys. Rev. B 96,
115204 (2017).
83 S. Maiti, V. Zyuzin, and D. L. Maslov, Phys. Rev. B 91,
035106 (2015).
10
Appendix A: Charge polarizability
We can decompose the expression of the polarizability in two parts
Π(iΩ,q) =
∑
σσ′p
fD(εσ(p))− fD(εσ′(p+ q))
iΩ + εσ(p)− εσ′(p+ q) Tr
[
Pˆσ(p)Pˆσ′(p+ q)
]
(A1)
=
∑
σσ′p
fD(εσ(p))
iΩ + εσ(p)− εσ′(p+ q)Tr
[
Pˆσ(p)Pˆσ′(p+ q)
]
+ iΩ↔ −iΩ (A2)
where the trace of the product of projectors on each subband σ = ± is
Tr
[
Pˆσ(p)Pˆσ′(p+ q)
]
=
1
2
{
2 + σσ′
[
3 cos2(θp,p+q)− 1
]}
. (A3)
Then we have, writing the polarizability in units of the density of states at the Fermi energy N0 = 1/(4pi
2), the
wavevectors in units of kF and the frequencies in units of EF ,
Π(iΩ,q) =
N0
2
∑
σσ′
∫
dp p2dθp,p+q sin(θp,p+q)
fD(εσ(p))
iΩ + εσ(p)− εσ′(p+ q)
(
2 + σσ′
[
3 cos2(θp,p+q)− 1
])
+ iΩ↔ −iΩ
(A4)
=
N0
2
∑
σσ′
∫
dp p2du
fD(εσ(p))
iΩ + (σ − σ′)p2 − σ′(q2 + 2pqu)
(
δσσ′4 + σσ
′ 3(u
2 − 1)q2
q2 + p2 + 2pqu
)
+ iΩ↔ −iΩ (A5)
= Πintra(iΩ,q) + Πinter(iΩ,q) (A6)
where we introduce the intraband and interband contributions to the polarizability
Πintra(iΩ,q) =
N0
2
∫ ∞
1
dp p2
∫ 1
−1
du
1
iΩ + q2 + 2pqu
(
4 +
3(u2 − 1)q2
q2 + p2 + 2pqu
)
+ iΩ↔ −iΩ, (A7)
Πinter(iΩ,q) = −N0
2
∫ ∞
1
dp p2
∫ 1
−1
du
1
iΩ− 2p2 − q2 − 2pqu
3(u2 − 1)q2
q2 + p2 + 2pqu
+ iΩ↔ −iΩ. (A8)
1. Intraband contribution
Since the Fermi energy is in the bottom band, with spectrum −(k) = −k2/2m, we have integrated the polarizability
for p ∈ [1,∞[. Up to an overall negative sign, one can perform the integration for p ∈ [0, 1] since the intraband
contribution vanishes for a completely filled band (i.e. when p ∈ [0,∞[). We decompose the intraband polarizability
in a component that corresponds to a single quadratic band, described by the Lindhard polarizability, and a correction
due to the eigenspinor overlap
Πintra(iΩ,q) = 2ΠLindhard(iΩ,q) + Πoverlap(iΩ,q) (A9)
where
ΠLindhard(iΩ,q) = −N0
∫ 1
0
dp p2
∫ 1
−1
du
1
iΩ + q2 + 2pqu
+ iΩ↔ −iΩ (A10)
Πoverlap(iΩ,q) = −N0
2
∫ 1
0
dp p2
∫ 1
−1
du
1
iΩ + q2 + 2pqu
3(u2 − 1)q2
q2 + p2 + 2pqu
+ iΩ↔ −iΩ (A11)
The Lindhard polarizability can be found in numerous works [51] :
ΠLindhard(iΩ,q) = −N0
q
[
ΨLindhard
(
iΩ
2q
− q
2
)
−ΨLindhard
(
iΩ
2q
+
q
2
)]
(A12)
with the Lindhard function
ΨLindhard(z) =
1
2
[
z +
1− z2
2
log
(
z + 1
z − 1
)]
. (A13)
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We compute the overlap contribution in two steps. First, we perform the integration over angles after a partial fraction
decomposition
∫ 1
−1
du
p2
iΩ + q2 + 2pqu
3(u2 − 1)q2
q2 + p2 + 2pqu
(A14)
=
3
2q
∫ 1
−1
du
(
q
2
+
1
2q
(p2 − q2)2
iΩ− p2
1
1 + (p/q)2 + 2pu/q
− q2 p
2 − (iΩ/2q + q/2)2
p2 − iΩ
1
(iΩ/2q + q/2) + pu
)
(A15)
=
3
2q
(
q +
1
2q
(p2 − q2)2
iΩ− p2
q
p
log
(
1 + p/q
|1− p/q|
)
− q2 p
2 − (iΩ/2q + q/2)2
p2 − iΩ
1
p
[log (iΩ/2q + q/2 + p)− log (iΩ/2q + q/2− p)]
)
(A16)
The integration over p can then be expanded as a sum of integrals of the form
I+(a, b;α, β) =
∫ b
a
dx
log(x+ α)
x+ β
, (A17)
I−(a, b;α, β) =
∫ b
a
dx
log(|x− α|)
x+ β
, (A18)
which were discussed in the context of hole screening in zinc-blende semiconductors [54] and loop integrals in quark
physics [55]. These expressions resemble the Spence function but where one has to account for the singularity at
x = −β and the discontinuity of the logarithm on the negative real axis. We use Ref. [55] and find
I+(a, b;α, β) =
[
Li2
(
1− α+ a
α− β
)
+ η (α+ a, 1/(α− β)) log(1− α+ a
α− β )− {a→ b}
]
+ log(α− β) log
[
b+ β
a+ β
]
(A19)
I−(a, b;α, β) =

[
Li2
(
1− α−aα+β
)
+ η (α− a, 1/(α+ β)) log(1− α−aα+β )− {a→ b}
]
+ log(α+ β) log
[
b+β
a+β
]
if α > b
Li2
(
1− α−aα+β
)
− log(α+ β) log
[
a+β
α+β
]
− {a, α, β → −b,−α,−β} if α ≤ b
(A20)
where for simplicity we write I− in the case where a, α and b are all real, because this is the situation at hand. We
have also introduced the dilogarithm Li2(z) = −
∫ z
0
du ln(1 − u)/u with z ∈ C and the function η(a, b) that keeps
track of the discontinuity in the logarithm, such that log(ab) = log(a) + log(b) + η(a, b),
η(a, b) =
 2ipi if Im(a) < 0, Im(b) < 0 and Im(ab) > 0,−2ipi if Im(a) > 0, Im(b) > 0 and Im(ab) < 0 or if Im(a) = Im(b) = 0, Re(a) < 0 and Re(b) < 0,0 else.
(A21)
We thus find the following expression for the overlap contribution to intraband polarizability
Πoverlap(iΩ,q) = Ψ2 (iΩ,q) + {iΩ→ −iΩ}, (A22)
with Ψ2(iΩ,q) defined in Eq. (9) of the main text.
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2. Interband contribution
The interband contribution to the polarizability is treated in a similar fashion. We first perform the integration
over angles after a partial fraction decomposition
−
∫ 1
−1
du
p2
iΩ− 2p2 − q2 − 2pqu
3(u2 − 1)q2
q2 + p2 + 2pqu
(A23)
= 3
∫ 1
−1
du
{[
(p2 − q2)2
4q2(p2 − iΩ)
1
1 + (p/q)2 − 2(p/q)u −
1
4
]
+
[
4p2(p2 − iΩ) + (q2 − iΩ)2
4(p2 − iΩ)
1
iΩ− q2 − 2p2 + 2pqu +
1
2
]}
(A24)
= 3
{
1
4q
[(
p− q
4
iΩp
+
(q2 − iΩ)2
iΩ
p
p2 − iΩ
)
log
(
1 + p/q
|1− p/q|
)
− 2q
]
(A25)
+
[
1 +
1
8q
(
4p+
(q2 − iΩ)2
2iΩ
2p
p2 − iΩ −
(q2 − iΩ)2
iΩp
)(
log
(
iΩ− q2 − 2p2 + 2pq)− log (iΩ− q2 − 2p2 − 2pq))]}
In the last line, each square brackets is convergent when integrated over p. This integral is similar to that for the
intraband polarizability in Eq. (A16) with two differences : (i) one can simplify the integration domain with the change
of variable p → 1/p and, (ii) some of the logarithms contain a second order polynomial that has to be decomposed
into a product of monomials to recover the integrals in Eq. (A17). We get :
Πinter(iΩ,q) = Ψ3(iΩ,q) + Ψ3(−iΩ,q) (A26)
with Ψ3(iΩ,q) defined in Eq. (10) of the main text.
Appendix B: Plasma frequency
The small q expansion of the dielectric permittivity writes
(ω) = lim
q→0
(ω,q) = 1− lim
q→0
V (q)Π(ω,q), (B1)
with the following intraband and interband contributions
lim
q→0
V (q)Πintra(ω,q) =
16αrs
3piω2
, (B2)
lim
q→0
V (q)Πinter(ω,q) =
αrs
pi
√
ω/2
(
log
(
1−√(ω + i0+)/2
1 +
√
(ω + i0+)/2
)
− 2 arctan(
√
ω/2)
)
. (B3)
Note that in the expression of the interband contribution, we explicitly keep ω+ i0+ due to the analytic continuation
from complex frequencies. The same expressions for the optical response of Luttinger semimetals were obtained in
Refs. [37, 39]. We have numerically determined that these two expressions cancel each other for ωT /EF ≈ 1.113,
which we call the transparency frequency in the main text.
The equation for the plasma frequency is (ω = ωp) = 0 which is transcendental in presence of the inter-
band contribution. We have solved it numerically in Fig. 2 and one can find an approximate expression since
limq→0 V (q)Πinter(ω,q) ≈ −4αrs/pi for small frequencies. This term gives a large contribution to the imaginary
part of the optical conductivity at low frequency and low temperatures, as observed in Pr2Ir2O7 [30]. With this small
energy expansion, we find the approximate expression for the plasma frequency
ωp ≈
√
16αrs
3pi(1 + 4αrs/pi)
. (B4)
We have also derived these expressions in the case of non particle-hole symmetric bands, for α1 6= 0 in Eq. (1). The
interband polarizability Πinter only depends on the difference in energy between the two bands and thus only on α2
while the intraband contribution depends on the mass of the filled band, m± = m/(α2 ± α1) > 0 (i.e. |α1| < |α2|).
Then the two expressions are the same if we change the energy scale from EF = ~2k2F /2m to that of the optical gap
2E0 = ~2k2F (1/2m+ +1/2m−) = α2~2k2F /m, which affects our definition of rs to me2/(αα2∗kF ), and if one multiplies
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FIG. 6. Behaviour of the transparency frequency ωT , such that the electronic polarizability vanishes limq→0 Π(q, ωT ) = 0, for
non particle-hole symmetric bands. The band at the Fermi surface is flat for β = 1 − α1/α2 = 0 and the other one for β = 2.
The dashed line indicates the situation of particle-hole symmetry, where β = 1.
limq→0 V (q)Πintra(ω,q) by β = 1 ± α1/α2 ∈ [0; 2] with ± for the Fermi energy in the upper or lower band. If β = 0
then the band at the Fermi surface is flat and, on the contrary, if β = 2 then the other band is flat. The transparency
frequency in units of E0 then behaves as in Fig. 6 as a function of β. We recover ωT (β = 1)/E0 = 1.113 as discussed
in the main text and also that ωT (β = 0) = 0 for a Fermi surface at a flat band and ωT (β = 2)/E0 = 1.506 for a
Fermi surface at the light band touching a flat band. We can also derive the following approximate expression of the
plasma frequency in units of E0
ωp(β) ≈
√
16αrsβ
3pi(1 + 4αrs/pi)
. (B5)
Appendix C: Charge-spin response
As discussed in the main text, the eigenstates of Luttinger’s model Eq. (1) can be associated to eigenstates of the
helicity operator λˆ = k · Jˆ/k [10, 45]. A similar helical structure is associated to a charge-spin response in Weyl
semimetals because of spin-momentum locking and is responsible for spin polarized plasmon excitations [56]. Here, in
the case of a quadratic band touching, the charge-spin response identically vanishes due to the compensating helicities
of each band.
We can explicitly compute the charge-spin response for the quadratic band touching, defined by
ΠρJˆ0(iΩ,q) =
∑
σσ′p
fD(εσ(p))− fD(εσ′(p+ q))
iΩ + εσ(p)− εσ′(p+ q) Tr
[
Pˆσ(p)Jˆ · e0Pˆσ′(p+ q)
]
, (C1)
where Jˆ0 = Jˆ · e0 is a component of the spin-3/2 operator in the direction e0 and
Tr
[
Pˆσ2(k2)Jˆ · e0Pˆσ1(k1)
]
=
3iσ1σ2
2k21k
2
2
k1 · k2 (k1 × k2) · e0. (C2)
In as similar manner to Weyl semimetals [56], the expression ΠρJˆ0(q, iΩ) vanishes for q ⊥ e0 because the spectrum
is even when changing the sign of any component of k while the form factor is odd for the component transverse to
both q and e0. And, unlike for Weyl semimetals, in the situation q ‖ e0 the form factor also vanishes because of the
cross product. Thus, for any direction q one finds
ΠρJˆ0(iΩ,q) = 0. (C3)
The charge and the spin excitations are thus decoupled and plasmons do not carry spin but only charge. In the more
general Luttinger model [20], lifting the degeneracy on each subband may allow for a non-zero charge-spin coupling.
This was for example discussed for Weyl nodes with opposite helicites but with different band dispersion [56] and for
2D electron gases in presence of Rashba spin-orbit coupling [83].
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Appendix D: Self-energy
The calculation of the self-energy follows the GW approximation
Σσ(iν,q) = − 1
2V β
−1 ∑
Ωσ′k
V (k)
(
1 +
1
(iΩ,k)
− 1
)
Tr
[
Pˆσ(q)Pˆσ′(q− k)
]
Gσ′(i(ν − Ω),q− k) (D1)
= Σ(ex)σ (q) + Σ
(c)
σ (iν,q) (D2)
where we introduce the exchange and correlation self-energies
Σ(ex)σ (q) = −
1
2V β
−1 ∑
Ωσ′k
V (k)Tr
[
Pˆσ(q)Pˆσ′(q− k)
]
Gσ′(i(ν − Ω),q− k) (D3)
= − 1
2V
∑
σ′k
fD(ξσ′q−k)V (k)Tr
[
Pˆσ(q)Pˆσ′(q− k)
]
(D4)
= − 1
2V
∑
σ′k
(fD(ξσ′k)− f˜σ′,k + f˜σ′,k)V (q− k)Tr
[
Pˆσ(q)Pˆσ′(k)
]
= Σintσ (q) + Σ
ext
σ (q), (D5)
Σ(c)σ (iν,q) = −
1
2V β
−1 ∑
Ωσ′k
V (k)
(
1
(iΩ,k)
− 1
)
Tr
[
Pˆσ(q)Pˆσ′(q− k)
]
Gσ′(i(ν − Ω),q− k). (D6)
1. Exchange self-energy
We decompose the exchange self-energy in a intrisinc and an extrinsic part, Σ(ex) = Σintσ + Σ
ext
σ . In the intrinsic
contribution the situation is as if the chemical potential is at the quadratic band touching
Σintσ (k) = −
αrs
pi
∫ kc
0
dq q2
∫ 1
−1
du
1
k2 + q2 − 2kquTr
[
Pˆσ(k)Pˆ−(q)
]
. (D7)
The integral does not converge for large wavevectors and we have introduced a momentum cutoff Λ ≡ kckF (e.g. due
to the lattice constant), with kc the corresponding dimensionless quantity, on which the final expression depends
Σintσ (k) = −
αrsk
pi
∫ kc/k
0
dx
(
3σ
4
(
1 + x2
)
+
(
x− σ 3 + 2x
2 + 3x4
8x
)
log
(
1 + x
|1− x|
))
(D8)
= −αrsk
pi
([
1 +
σ
16
(
5 + 3
k2c
k2
)]
kc
k
+
(k2c − k2)(16k2 − σ(7k2 + 3k2c ))
32k4
log
(
1 + k/kc
|1− k/kc|
)
(D9)
− σ
16
[
pi2 − 6 log
(∣∣∣∣1− kck
∣∣∣∣) log(kck
)
− 6
(
Li2
(
1− kc
k
)
+ Li2
(
−kc
k
))])
(D10)
≈kc1 −
αrsk
pi
(
2
kc
k
− 3pi
2
16
σ
)
. (D11)
On the other hand, the extrinsic contribution to the exchange self-energy does not need cutoff and has a similar
angular integration than the intrinsic part. Its expression is
Σextσ (k) =
αrs
pi
∫ 1
0
dq q2
∫ 1
−1
du
1
k2 + q2 − 2kquTr
[
Pˆσ(k)Pˆ−(q)
]
(D12)
=
αrs
pi
(
1
2
(2 + σ) +
3
16
σ(1/k2 − 1) + (1− k
2)(16k2 − σ(7k2 + 3))
32k3
log
(
1 + k
|1− k|
)
(D13)
−σk
16
[
pi2 + 6 log (|1− k|) log (k)− 6
(
log2(k) + Li2
(
1− 1
k
)
+ Li2
(
−1
k
))])
. (D14)
We then obtain, in the limit kc = Λ/kF  1, the following expression for the exchange self-energy
Σ(ex)σ (q) ≈
αrs
pi
{
−2Λ/kF + 3σpi
2q
16
+
1
32
[
16(2 + σ) + 6σ
(
1/q2 − 1)+ (q2 − 1)(3σ + q2(7σ − 16))
q3
log
(
1 + q
|1− q|
)
(D15)
−2σq (pi2 + 6{log (|1− q|) log(q)− log2(q)− Li2(−1/q)− Li2(1− 1/q)})]} . (D16)
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The self-energy explicitly depends on the cutoff wavevector, Λ, but only like a constant shift that one can absorb in
the definition of the chemical potential.
2. Correlation self-energy
We perform the analytical continution of the Matsubara frequency to the real frequency in the correlation self-energy.
This leads to the following expression for the correlation energy in real frequencies
Σ(c)σ (ω,q) = Σline,σ(ω, k) + Σres,σ(ω, k), (D17)
with
Σline,σ(ω, k) = − 1
2V
∑
σ′q
∫
dΩ
2pi
Gσ′(ω − iΩ,k− q)V (q)
[
1
(iΩ, q)
− 1
]
Tr
[
Pˆσ(k)Pˆσ′(k− q)
]
, (D18)
Σres,σ(ω, k) = +
1
2V
∑
σ′q
[Θ(ω − ξσ′(k− q))−Θ(−ξσ′(k− q))]V (q)
[
1
 [ω − ξσ′(k− q)− iηsgn(ω − ξσ′(k− q)),q] − 1
]
× Tr
[
Pˆσ(k)Pˆσ′(k− q)
]
. (D19)
